



Applications of Symplectic Floes theory
mostly to the BBP Class of 27101125

So far we have seen two floe theories

I m
closed

What if Msu has boundary
too general
but say co di and IM is of
restricted contacttypeEDM is a

Liouvilledomain

Then we can define

T i iF
1



take away there are many variants of
Floes theory depending on the problem

westody.es
of interest
Circular Restricted 3 BodyProblem

Stop 3 masses Earth Moon Satellite

under the influence of Newtonian gravity
m Crab

GIF
É

Assumptions Ms o RESTRICTED

M moves in a circle around

E CIRCULAR Ente IRL the
Moon'sorbithaseccentr
icity exo 05 2



2020

Them Moreno van Kout for low energies
can reduce this problem to a Hamiltonian

problem on W 0 53 Iii
So drop from 6 dimensions to 4

will be more precise late

symplectichomology

Coy SH 10 8 determines periodic
orbits in the

CR3BP.coHW ID determines Lagrangian

Ti massconditions

see Moreno L 2024
both papers
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Example of application

Thu Moreno van Kout 2021

I A 9 many periodic orbits
in theCR3BP

Pfsketch
o can reduce the problem to 10 82

off the shelf
a famous theorem Abbardanddo Schwarz2004

shows that A manifold M

SH CID M E H GM
bandloop spacesingular

homology on M

standard algebraic topology shows that

dim H R 2 p
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dim SH 10 82 0

but SH 10 82 counts periodic
orbits up to homology

F As
many orbits Ty

and this is very simplified In real

life one needs to be very careful
especially since our Hamiltonian could
be degenerate
Also need more assumptions twist

conditions convexity range
See Moreno van kart 20213 for full proof
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I Reducing problems to Flow problems

if already working on a closed

symp manifold Liouville domain

Else how do we produce one

aeg CR3BP

ring 0
N

he moves ard E in

a circle
S D can choose a rotatingE

frame in the EarthMoonplane

fix their pos toMaud

want to study the satellite

Position space It

phspaf.HR EIR6 gop
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Hamiltonian of the satellite

H T AKE EY IR

app Elt IE FIT 9

angularImonentod
This term appears be we

chose a rotating frame in

the gig plane

This is a Hamiltonian on IR

Plan it has singularities

Indeed g E or g p
collision

one of the terms
or

Fig
blows up to re
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But recall that the est along

flow lines C vatiadway so

Hasp Er j YI
must go to a too

So
q É or F p o

ie

gateeliteAs the satelliteapproaches
collision with the Earth
its momentum

goes too
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Energy hypersurface H c

are

gigtcompactify then

Regularization at collisions

Regularizing in this context means

changing coordinates so as to compactify

H c

by now standard Many ways to
do this depending on what we

want our regularization to satisfy

g



Moser regularization

Right now we have

q É or A
p x

So H G E TIR IEEE
and the blow up happens in the

fibers as g approaches É or T in

the base space

Plane blow up in the fibers Not

very
convenient

would be easier to compactify
base space
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Recipe

THR THE gaff TH

IEF.sn
happens in the base copy

of IRS CiaTHR RIM byaddingthe point

p o Formally
The reason for the sign we simply apply
is so that the symp
structure is preserved

Irojiversestergraphic

New Hmiltonianinah

H 7 83 IR regularized
Hamiltonian



Conclusion after regularizing at collisions

CR3BP is described by

I 3 R

noo by conservation of energy motion

of the satellite is constrained to

F c I 8 83 compact
8btvious relies on

for low energies
our expr for t

Thing
Albers 20

ChoJong Kim 2oz The flow of
the satellite on 8 83 is a

Reef flow
ie it is induced
by a contact struct
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Insummary
have a Reel flow on 513 compact

D1 Play our Floor theories are defied
on Symp mfds even dimensional

dim 8 83 5

Can we still drop one dimension

Yes
Great insight from Poincaré

in Poincaré's last geometric themes

1912

13
of studying the BBP



Def let M
any manifold and

Ot M M a flow
A hypersurface Eas M is called a

Poincaré section iforglobal hypersurfaceofsection

Ot is transverse to int E

22 is It invariant if d

free 2 If o

E so
s t

ft a E I

TEG se returns
to I both in the past and future
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t.EE

Define 1st return map of the flow
T E

x totter Ettinger of

Why this definition
Poincaré's insight

periodic orbits fixed pointswith base
of E Epoint in E

Team
in n dimensions

disc
in n dimensions
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Time in the CR3BP after regularizing
at collisions and restricting to an

energy level set H Cc

I Poincaré section W H G

More precisely

i
i

y
Liouville domains
proven in problem sheet 9 If



Can now construct floor theories

on these Poincaré sections

since they are Liouville domains

I Concrete applications officer theory
Fleer theory provides groups HF to

describe physical plansglobally
Tigalorbitar intersection at once

Hence well suited for statements like
I robs many orbits intersections

which make use of the global
topologyof the underlying manifolds

Can also do this locally
Oh 96 Ginzburg 10 Moreno 2 24
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Given one orbit K

Can extract an integer invariant XE Z
from floes homology Numericallycomputable

Aydin23 AydinMoreno a Kent 4

Sat

if se is non degenerate XG I

X se is perturbation invariant

Pf advanced floe homology

egg Bifurcation
2 1

0
O Oats

7 1
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So if we do numerical continuation

of trajectories this invariant tells
us whether we have missed

orbits

safe
The methods discussed today are
very popular in 3 research groups

and all

fsubsequent

Urs Frauenfeld
their Augsburg

ageeral
aee

students Otto van Koert as soon infler

see Korea
none

theory

AgustinMoreno
Heidelberg EEE
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